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Abstract 
 
A “failure criterion” is an equation that defines, either implicitly or explicitly, the value of the maximum principal stress that 
will be necessary in order to cause the rock to “fail” (Ambrose, 2014). The rock mechanics literature has been enriched with 
various rock failure criteria. Among these criteria, Mohr-Coulomb criterion is the most commonly used and referred to. The 
criterion revolves around two principal stresses, the minimum principal stress, 3 and the maximum principal stress, 1. Mohr-
Coulomb criterion and most traditional analyses of rock failure have ignored the influence of intermediate principal stress, 2 
(123) by assuming 2=3 (Pan and Hudson, 1988) 
 
In reality, the conventional case of 2=3 only occurs in a special case that may be encountered in situ (McGarr and Gay, 1978 
& Haimson 1978). In most cases encountered, the polyaxial stress state where 2 > 3 is the reality. In contrast to Mohr-
Coulomb criterion, recent evidence from true-triaxial tests has conclusively shown that the effect of the intermediate principal 
stress, 2 cannot be ignored and that it has the strengthening effects on the rock. The experimental works by Mogi (1967; 
1971b), Michelis (1985; 1987a), Tiwari and Rao (2004) and others have confirmed that rock strength is higher when 2 > 3 
 
Therefore, Mogi-Coulomb criterion which considers intermediate principal stress, 2 is used to test against available true-
triaxial data such as Chichibu Schist (Mogi 1979; 2007). However, Mohr-Coulomb and Mogi-Coulomb criteria are only valid 
for intact (isotropic) rocks. There are not many experimental data on the impact of 2 on anisotropic rocks. The most widely 
used model for anisotropic rocks is the Jaeger’s “Plane of Weakness” (JPW) model (1960) which is derived from Coulomb’s 
model and is valid for true-triaxial mode as well.The true-triaxial JPW model (1964, 1976) remains untested because of 
difficulties to conduct true-triaxial experiments on anisotropic rocks. The true-triaxial data is now available (Mogi; 1979) 
when Mogi conducted true-triaxial tests on Chichibu Schist anistropic rocks. Hence it would be really interesting to test the 
true-triaxial JPW against available true-triaxial data from Mogi.      
 
The results of the studies show that the new true-triaxial JPW model predicts increasing rock compressive strength, σ1 with 
increasing foliation angle, ω and intermediate principal stress, σ2. Higher foliation angle, ω leads to higher impact on σ1 when 
σ2 increases but the theoretical prediction of true-triaxial JPW model tends to overpredict the rock strength compared to Mogi 
data. The results are also inconclusive because of lack of true-triaxial data. Hence, more true-triaxial data need to be produced 
and studied. 
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Introduction 
 
Rock failure analysis has interested many researchers who contributed with different criteria for its determination. Most of 
traditional rock failure analysis has been based on failure criteria that ignore the influence of the intermediate principal stress, 
2. Recent evidence has conclusively shown that the effect of the intermediate stress cannot be ignored. Al-Ajmi and 
Zimmerman (Al-Ajmi and Zimmerman, 2009, Al-Ajmi and Zimmerman, 2005) used the fully-triaxial Mogi-Coulomb failure 
criterion and showed that it was superior to models such as Drucker-Prager. However, Mogi-Coulomb criterion applies for 
isotropic rocks instead of anisotropic rocks. 
 
There have been researches on the impact of 2 on anisotropic rocks and the most common model is Jaeger’s “Plane of 
Weakness” (JPW) where the rock is assumed to have a plane of weakness with different values of strength parameters than of 
the intact rock. According to Jaeger (1960),  the model is applicable to true-triaxial case but it was still untested.With true-
triaxial data now available (Mogi: 1979), it would be interesting to test the true-triaxial JPW model against the data available. 
 
Literature Review on Isotropic Criteria 
 
The objective of the thesis is to develop a new model for failure of anisotropic rocks e.g. shales and to test the new model 
against available data in literature. 
 
There are two classifications of rock failure criteria, which are isotropic and anisotropic criteria. In this section, isotropic 
criteria will be reviewed and discussed. There have been many isotropic rock failure criteria used in the industry and the most 
commonly used is the Mohr-Coulomb criterion which neglects the roles of intermediate principal stress, 2 which has been 
experimentally proven to increase rock’s strength in polyaxial stress state (2>3). The two important parameters in Mohr-
Coulomb criterion are the cohesion, So and coefficient of internal friction, μo. 
 
It is also important to state that Mohr-Coulomb criterion only provides good prediction on rock’s failure when 2=3 but in 
reality this case is rarely found. Therefore, a more general criterion that provides better predictions for the true-triaxial case is 
needed. Mogi-Coulomb criterion is one of the failure criteria that considers all principal stresses, 1, 2 & 3 and provides the 
solution to better predict rock’s strength in true-triaxial state. It is necessary to review and define failure criteria that are 
commonly used in rock mechanics for isotropic rocks before the new model is examined at depth and tested with available 
data from Mogi (1979, 2007) 
 
Coulomb Criterion 
 
The simplest but most important criterion was first introduced by Coulomb in 1776. It was assumed that rock failure in 
compression takes place when the shear stress, τ , that is developed on a specific plane (plane a-b in Fig. 1, for example) 
reaches a value that is sufficient to overcome the natural cohesion of the rock, as well as the frictional force that opposes the 
motion along the failure plane. The criterion can be written as: 
 
τ = So + σn tan ϕo (1) 
 
where,  
σn = normal stress acting on the failure plane (plane a-b in Fig. 1),  
So = Cohesion of the material 
φo = Angle of internal friction 
μo = tan φo 
 
  
Imperial College 
London 
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σ1 and σ3 are the maximum principal stress and minimum principal stress respectively while β is defined as the angle between 
σn and σ1. In Fig. 1, the intermediate principal stress, σ2 lies in the direction piercing into the paper and is parallel to the plane 
a-b. Thus, σ2 will not have any impact on σn and τ and therefore Coulomb criterion (Eq. 1) basically assumes intermediate 
principal stress, σ2 does not have any effect on failure. Implicitly this situation means Coulomb criterion assumes σ2= σ3 
 
 
Based on the Fig.2 , the relationship between β and ϕ can be described with a simple trigonometry and written as: 
 
β =
π
4
+
ϕ
2
 (2) 
 
The figure above also describes two important equations below (Jaeger et. al, 2007): 
 
σn =
1
2
(σ1 + σ3) +
1
2
(σ1 − σ3) cos 2β   (3) 
 
τ =
1
2
(σ1 − σ3) sin 2β        (4) 
 
Substituting Eqs. 3 and 4 into Eq. 1,  
 
1
2
(σ1 − σ3) sin 2β = So + [
1
2
(σ1 + σ3) +
1
2
(σ1 − σ3) cos 2β] tan ϕo        (5) 
 
The equation above describes Coulomb criterion in terms of principal stresses and shows that intermediate principal stress, σ2 
does not contribute to the rock’s strength. 
 
Mohr-Coulomb Criterion 
 
Mohr criterion describes the relationship between shear stress, τ and normal stress, σn with a non-linear function: 
 
τ = ƒ(𝜎𝑛)       (6) 
Fig. 1– Shear failure on plane a-b 
 
Fig. 2 - Strength envelope in terms of shear and normal stresses 
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The relationship between shear stress and normal stress is a function that is determined by experimental results. A linear form 
of Mohr criterion reduces to Coulomb criterion and consequently a linear Eq. 6 is known as Mohr-Coulomb criterion. 
 
Fig. 3 - Mohr failure criterion 
 
Drucker-Prager Criterion 
 
Druker-Prager criterion is one of the first failure criteria to include the effect of the intermediate principal stress on rock 
strength.  Drucker-Prager criterion is expressed as: 
 
τoct = k + m σoct      (7) 
 
Where, 
 
𝜏𝑜𝑐𝑡 =
1
3
√(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎1 − 𝜎3)2  (8) 
 
σoct =  
1
3
(σ1 + σ2 + σ3)   (9) 
 
And k and m are material constants that can be estimated from the intercept and slope of the failure envelope in the τoct − σoct 
space. Drucker-Prager criterion in general overestimates rock strength due to exaggeration of the effect of σ2 on rock strength 
(Al-Ajmi & Zimmerman, 2005). 
 
Mogi Criterion 
 
The first extensive polyaxial compressive tests in rocks were conducted by Mogi (1971b) where it was confirmed that the 
intermediate principal stress, σ2 does have an impact on rock strength.  It was also noted that the brittle fracture occurs along a 
plane striking in the σ2 direction and from this observation, conclusion was made that the mean normal stress that opposes the 
creation of the fracture plane is σm,2 rather than octahedral normal stress, σoct as claimed by Drucker-Prager criterion (Drucker 
and Prager, 1952). The Mogi criterion therefore can be written as: 
 
τoct =  ƒ(σm,2)      (10) 
 
Where τoct and σm,2 are related by a function that can be obtained experimentally. Failure will occur when the distortional 
strain energy which is proportional to octahedral shear stress, reaches a critical value that increases monotonically with σm,2 
(Jaeger and Cook, 1979). Unlike Drucker-Prager who did not have the technology to produce polyaxial data, Mogi was able to 
perform various polyaxial (true-triaxial) tests and plotted the data on τoct − σm,2 space. From the plot, a linear fit could be 
found (Al-Ajmi, 2006): 
τoct = a + b σm,2    (11) 
 
Where a is the intersection of y-axis and b is the slope while τoct is defined as in Eq. 8 
 
σm,2 =  
1
2
 (σ1 + σ3)   (12) 
 
The conventional triaxial data (σ2= σ3) is then plotted on the same τoct − σm,2 space. The result shows a perfect agreement 
between the polyaxial and triaxial data which basically means the constants a and b can be estimated by a set of triaxial data. 
Once a and b are known, Eq. 11 can be extended into the use of polyaxial data analyses.  
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Mogi-Coulomb Criterion 
 
In this section, the linear Mogi, Eq. 11 can be related to Coulomb criterion whereby Eq. 1 can also be described in τmax, σm,2 
and So terms (Jaeger and Cook, 1979):  
 
τmax = So cos ϕ  + sin ϕ σm,2         (13) 
 
Where τmax based on Fig. 2 is: 
 
τmax =
1
2
(σ1 − σ3)       (14) 
 
 
Octahedral shear stress Eq. 8 in conventional triaxial tests (σ2= σ3) becomes: 
 
𝜏𝑜𝑐𝑡 =
1
3
√(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎1 − 𝜎3)2 = 
√2
3
(σ1 − σ3)  (15) 
And linear Mogi criterion, Eq. 11 takes the form: 
 
√2
3
(σ1 − σ3) = a + b σm,2 (16) 
 
Multiply both sides of Eq. 16 by 
3
2√2
 : 
 
1
2
(σ1 − σ3) = (a 
3
2√2
) + (b 
3
2√2
 ) σm,2 (17) 
 
Insert Eqs. 13 and 14: 
1
2
(σ1 − σ3) = So cos ϕ  + sin ϕ σm,2 (18) 
 
The linear Mogi criterion, Eq. 17 coincides with the Coulomb criterion, Eq. 18 under triaxial data. Based on similarity 
identifications on Eqs. 17 and 18, a and b can be determined as: 
 
a =
2√2
3
 So cos ϕ (19) 
b =
2√2
3
sin ϕ (20) 
 
Thus, linear Mogi criterion, Eq. 11 can be used based on triaxial data and extended into polyaxial (true-triaxial) data. 
 
 
Fig. 4 - Comparison between Coulomb, Mogi-Coulomb and experimental data at β=60
o
 and 
𝛔𝟑 = 𝟕𝟐𝟓𝟏. 𝟗 𝐩𝐬𝐢 for Chichibu Schist 
 
Fig. 4 shows that Mogi-Coulomb criterion is superior to the traditional Coulomb criterion and is more accurate. 
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Literature Review on Anisotropic Criteria 
 
Anisotropic criteria are used for rocks that exhibit anisotropic behaviours. Anisotropic criteria can be classified into two major 
groups which are continuous criteria and discontinuous criteria. The continuous criteria (mathematical or empirical approach) 
are categorized as such because they can be expressed in a single mathematical equation regardless of stress regimes. The 
discontinuous criteria is described as such because the criteria model anisotropic rocks in two or more mathematical equations 
depending on stress regimes.  
 
Table 1 – Classification of anisotropic criteria (Ambrose: 2014) 
Continuous criteria 
Discontinuous criteria 
Mathematical approach  Empirical approach 
Von Mises (1928)* Casagrande and Carillo (1944) 2D Jaeger (1960) 
Hill (1948)* Jaeger variable shear (1960) 3D Jaeger (1964)* 
Olszak and Urbanowicz (1956)* McLamore and Gray (1967) Walsh and Brace (1964) 
Goldenblat (1962) Ramamurthy, Rao and Singh (1988) Hoek (1964, 1983) 
Goldenblat and Kopnov (1966) Ashour (1988)* Murrell (1965) 
Boehler and Sawczuk (1970, 1977) Zhao, Liu and Qi (1992) Barron (1971) 
Tsai and Wu (1971)* Singh, et al. (1998)* Ladanyl and Archambault (1972) 
Pariseau (1968)* Tien & Kuo (2001) Bieniawski (1974) 
Boehler (1975) Tien, Kuo and Juang (2006) Hoek and Brown (1980) 
Dafalias (1979, 1987) Tiwari and Rao (2007)* Smith and Cheatham (1980a)* 
Allirot and Boehler (1979) Saroglou and Tsimbaos (2007a) Yoshinaka & Yamabe (1981)* 
Nova and Sacchi (1979)* Zhang & Zhu (2007)* Duveau and Henry (1997) 
Nova (1980, 1986)* Lee, Pietruszczak and Choi (2012)* Pei (2008)* 
Boehler and Raclin (1982)   Zhang (2009)* 
Raclin (1984)     
Kaar et al. (1989)     
Cazacu (1995)     
Cazacu and Cristescu (1999)*     
Kusabuka, Takeda and Kojo (1999)*     
Pietruszczak and Mroz (2001)*     
Lee and Petruszczak (2007)*     
Mroz and Maciejewski (2011)*     
 
*true-triaxial criteria 
Table 1 describes all the works that have been done for anisotropic criteria. Most of the criteria listed in Table 1 are 
“mathematical” and those with asterisk accounts for true-triaxial case where it accounts for the case where σ2> σ3. The 
mathematical approach treats the rock as a solid body with certain properties that change continuously with direction. The 
direction is described by bedding angle, β and foliation angle, ω. For empirical approach, experimental data are obtained to 
determine necessary constants where the constants are valid at specific orientation although orientation is not part of the 
equations.  
 
Among the discontinuous criteria, the most famous is the Jaeger’s Plane of Weakness (JPW) (Jaeger: 1960). JPW is developed 
based on Coulomb criterion that considers failure mechanism that occurs along a weak plane where the weak plane is assumed 
to have different values of shear strength, Sw and coefficient of internal friction, μw other than the intact rock’s shear strength, 
So and coefficient of internal friction, μo. The assumption is that the rock may fail either through shear fracture or sliding along 
the weak planes. The two failure models are combined and used together to make up the actual failure criterion. Any isotropic 
model can be used with any anisotropic model in discontinuous approach. For example, Duveau and Henry (1998) combined 
Lade’s true-triaxial for isotropic rocks with Barton’s criterion (Barton and Choubey, 1977) for anisotropic rocks. Various 
researches started to work on the effect of σ2 on anisotropic rock strength since its effect was recognised on isotropic rocks. 
Several discontinuous criteria take into account true-triaxial case such as Jaeger (1964), Smith and Cheatham (1980a), 
Yoshinaka & Yamabe (1981), Pei (2008) and Zhang (2009).  
 
Jaeger’s Plane of Weakness (JPW) 
 
JPW model describes the rock as an isotropic material with shear strength, So and coefficient of internal friction, μo but it also 
envisions a plane of weakness with a different values of shear strength, Sw and coefficient of internal friction, μw. The 
Coulomb’s criterion for plane of weakness is similar to Eq. 1: 
 
τ = Sw + μwσn  (21) 
 
where 𝜎𝑛 is the normal stress perpendicular to the failure plane and τ is shear stress that act along the failure plane. Sw is 
known as cohesion or shear strength and 𝜇𝑤 is known as coefficient of internal friction. 𝜎𝑛 in Eq. 3 can be described as:  
Fully-triaxial rock failure criteria for anisotropic rocks  13 
  
 
σn = σm − τm cos 2β (22) 
 
Where σm (mean normal stress) and τ𝑚 (maximum shear stress) are defined as (refer to Fig. 2): 
 
σm =
1
2
(σ1 + σ3) (23) 
 
τm =
1
2
(σ1 − σ3) (24) 
 
τ can be described similar to Eq. 4: 
τ = −τm sin 2β (25) 
 
Insert Eqs. 22 and 25 into Eq. 21: 
τm sin 2β = Sw + tan ϕw(σm − τm cos 2β)     (26) 
 
τm(sin 2β + cos 2β tan ϕw ) = Sw + σmtan ϕw      (27) 
 
Multiply Eq. 27 by cos ϕ𝑤: 
τm(sin 2β cos ϕw + cos 2β sin ϕw) = Sw cos ϕw + σmsin ϕw       (28) 
 
Simplify Eq. 28 by using trigonometry relationship sin(2β + ϕ𝑤) =  sin 2β cos ϕ𝑤 +  sin ϕ𝑤 cos 2β  : 
 
τm = (Sw cos ϕw + σmsin ϕw)/ [sin(2β +  ϕw)]   (29) 
 
Eq. 29 is derived by Jaeger (1960) where β is defined as the angle between the plane and σ1. However the current practice is to 
define β as the angle between σ1and σn(Refer to Fig. 5). Based on the current definition of β, Eq. 29 becomes:  
 
τm = (Sw cos ϕw + σmsin ϕw)/ [sin(2β −  ϕw)]   (30) 
 
 
Fig. 5 – Triaxial and orientation setup for compression test 
β𝑚𝑖𝑛is the angle at which failure occurs along the plane at minimum σ1 where  β𝑚𝑖𝑛 =
π
4
+
ϕ𝑤
2
. 
 
 
Fig. 6 – Mohr circle for JPW 
Angle β normal of plane-of-weakness 
Plane-of-weakness 
σ1  
σ1  
σ3 σ3 
β 
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Fig. 6 shows JPW using Mohr circle with β1 and β2 as the limit angles for which sliding along the weak plane occurs at β1≤ β 
≤ β2. Based on Ambrose (2014), β1 and β2 equations are as the following: 
 
2β1 = ϕw + sin
−1 {[(Swcot ϕw +  σm) sin ϕw]/τm} (31) 
 
2β2 = 180
0 + ϕw − sin
−1 {[(Swcot ϕw + σm) sin ϕw]/τm}   (32) 
 
 
Fig. 7– JPW model failure envelope 
Based on Fig. 7, the horizontal section where 0
0
 ≤ β ≤ β1 and β1≤ β ≤ 90
0
 is defined by Mohr-Coulomb Eq. 5. The JPW 
section where β1≤ β ≤ β2 is defined by Eq. 33 below (Ambrose, 2014): 
 
σ1 = σ3 + 2(Sw + μσ3)/{sin 2β (1 − μ cot β)} (33) 
 
Eqs. 5 and 33 are used to construct JPW model failure envelope as shown in Fig. 7 and Fig. 8. 
 
 
Fig. 8 – Conventional triaxial JPW model failure envelope for Green River Shale-2 (McLamore & Gray: 1967) 
Fig. 8 shows the comparison between conventional triaxial JPW model prediction and actual σ1 for Green River Shale-2 where 
the prediction shows good agreement with actual data. However, there is a transition regime of angles, β lying between angles 
of about 10
o
< β<35o for relatively high-degree of strength anisotropy such as the case for Quartz Phyllite and others (Appendix 
C) whereby the JPW model overpredicts σ1. Pariseau’s continuum model would best fit rocks with high-degree of strength of 
anisotropy compared to JPW model (Zimmerman and Ambrose, 2014)  
 
Methodology, Analyses & Discussions 
 
The goal of the thesis is to develop a new discontinuous criterion and failure envelope for anisotropic rocks in true-triaxial 
condition. Researchers have been studying the roles of σ2 in isotropic rocks for many years. It was explained and reviewed 
that Mogi-Coulomb criterion provides the best prediction for true-triaxial condition based on conventional triaxial data. 
Therefore, Mogi-Coulomb criterion will be used as one of the criteria along with the true-triaxial JPW criterion. Mogi-
Coulomb criterion is used in the intact rock section 0
0
 ≤ β ≤ β1 and β2≤ β ≤ 90
0
 while the true-triaxial JPW criterion is used in 
the plane of weakness section (β1≤ β ≤ β2 at different values of foliation angle, ω).  
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Obtaining Strength Parameters (So, φo, Sw, φw ) by Analytical Method 
 
Ambrose (2014) explains in details on two methods to obtain the So, μo, Sw, μw parameters. The first method is an analytical 
method: 
 
τm = σm sin ϕo +  So cos ϕo (34) 
 
Based on Eq. 34, slope mo = sin ϕo. Therefore friction angle of intact rock is: 
 
ϕo = sin
−1 mo (35) 
 
The intercept is Co =  So cos ϕo. Using the value of friction angle, ϕo obtained from Eq. 35, So can be determined: 
 
So =  Co/ cos ϕo    (36) 
 
Ambrose (2014) detailed out the derivation for 𝜙𝑤 & 𝑆𝑤 in his thesis. Both plane of weakness strength parameters are derived 
from Eq. 30 with the same method as Eqs. 35 and 36 are derived. The final equations for both parameters are as the following: 
 
ϕw = tan
−1 [(mwsin 2β)/(1 + ϕwmwcos2β)] (37) 
 
Sw =  Cwsin (2β − ϕw)/ cos ϕw   (38) 
 
Using equations Eqs. 35, 36, 37 and 38 to obtain the four parameters is relatively easy but they are not exactly representing the 
dataset because it is difficult to ascertain at which angles, β, exactly the intact rock fracture or failure along weak planes 
occurs. This causes difficulty in distinguishing respective failure modes at corresponding angles, β. The slopes and intercepts 
for intact rock fracture and failure along weak planes do not vary much thus making the estimated parameters inaccurate 
especially at angles, β where the failure mode is transitioning.   
 
Obtaining Strength Parameters (So, φo, Sw, φw ) by Iteration Method 
 
Table 2 – Strength parameters for different rock type (Ambrose: 2014) 
Rock Type φo (deg) So (psi) φw  (deg) Sw (psi) 
Bossier Shale 29.0 3750 24.0 2050 
Vaca Muerta Shale 27.0 4850 26.0 2650 
Angiers Schist 41.2 5200 8.2 1600 
Martinsburg Slate 30.3 7100 16.8 1900 
Austin Slate 22.2 11750 13.6 6550 
GreenRiver Shale 1 27.8 9800 30.5 6100 
GreenRiver Shale 2 19.2 6350 18.7 4000 
Quartz Phyllite 32.4 3450 25.9 2250 
Carbona Phyllite 32.8 3200 28.7 1800 
Micaceous Phyllite 35.4 3500 21.4 1500 
Penrhyn Slate 35.1 7010 14.7 4970 
Tournemire Shale 24.1 1850 20.2 1270 
 
Alternatively, Ambrose (2014) proposed and used another approach to determine the four strength parameters. A MATLAB 
code was written by Ambrose (2014) to find the parameters by iterative method. The input data used is strength data at failure, 
σ1, the confining stress, σ3 and the corresponding angle, β. A selected range of strength parameters (So, φo, Sw, φw ) are iterated 
into Eqs 30 and 33 which will calculate the output strength, σ1predict which will then be compared to σ1. The difference 
between σ1 and σ1predict  determines the deviation model. The combination of strength parameters (So, φo, Sw, φw ) that has the 
lowest deviation from the actual strength, σ1 will be saved as the best-fit strength parameters. The strength parameters used in 
this thesis are provided by iteration method (Ambrose, 2014). The strength parameters found in Table 2 are essential to be 
included as constants in linear-Mogi and JPW equations. 
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Analyzing Jaeger’s Plane of Weakness in True-Triaxial Case 
 
As mentioned earlier, JPW in true-triaxial case remains untested. The objective in this section is to analyze the JPW model 
failure envelope in 3D condition including foliation angles, ω which is irrelevant in conventional triaxial case. 
 
 
 
Fig. 9 – Foliation angles, ω definition (Ambrose: 2014) 
Foliation angle, ω is defined as the angle between σ2and the plane’s azimuth (Fig. 9) 
 
 
Fig. 10 – Mohr circle for true-triaxial case (Jaeger et al., 2007) 
 
The equations describing DEF and GEH in Fig. 10 are obtained from Jaeger (1960): 
 
τ2 + [σn −
1
2
(σ1 + σ2)]
2 =
1
4
(σ1 − σ2)
2 + n2(σ1 − σ3)(σ2 − σ3) (39) 
 
τ2 + [𝜎n −
1
2
(𝜎2 + 𝜎3)]
2 =
1
4
(𝜎2 − 𝜎3)
2 + 𝑙2(𝜎1 − 𝜎3)(𝜎3 − 𝜎1) (40) 
 
𝑙, 𝑚 and 𝑛 are directional cosines. Imagine the condition of horizontal plane (β=0o, ω=0o) where 𝜎1 is perpendicular to the 
plane of weakness and 𝜎2and 𝜎3 are parallel to the plane of weakness. The plane is then rotated around the 𝜎2-axis by an angle, 
β. The following matrix describes the condition: 
 
  

R1 
cos 0 sin
0 1 0
sin 0 cos












 
 
σ1  
σ3  
σ2  
σ2  
σ2  σ2  σ2  
ω 
β = 60o 
ω = 0o 
β = 60o 
ω = 45o 
β = 60o 
ω = 90o 
β = 0o 
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Next imagine that the plane is now rotating around the 𝜎1-axis by an angle, ω where the following matrix represents: 
 
  

R2 
1 0 0
0 cos sin
0 sin cos












 
 
Therefore, the total rotation of the plane is represented by the product of R
1
 and R
2 
rotation matrices: 
 
  

R  R2R1 
1 0 0
0 cos sin
0 sin cos












cos 0 sin
0 1 0
sin  0 cos













cos 0 sin
sin sin  cos sin cos
cos sin sin cos cos












 
 
The original normal vector the bedding planes is pointing along the 𝜎1-axis which means that it is equal to the first unit vector. 
In other words, it was given by the first column of the identity matrix, i.e, [1 0 0]. After the rotations, the normal vector is 
given by the first column of the R matrix. Hence, the rotated normal vector [𝑙 𝑚 𝑛] is given by [cos β  -𝑠𝑖𝑛 ω sin β  -
cos ω sin β]  . 
 
Therefore the directional cosines are: 
 
𝑙 = cos β ,      𝑚 = −sin ω sin β,      𝑛 = − cos ω sin β   
 
The “-“ sign is not relevant for the purposes of studying rock strength because the rotation by –β is similar to rotation 
by +β with regards to failure. With n = cos ω sin β and = 𝑐𝑜𝑠 𝛽 , solving Eqs. 39 and 40 gives point ‘E’ and the solutions in 
normal stress, σn and shear stress, τ are as the following: 
 
𝜎n = 𝜎2 − cos
2ω sin2β (𝜎2 − 𝜎3) − cos
2β (𝜎2 − 𝜎1) (41) 
 
τ2 = cos2ω sin2β (𝜎1 − 𝜎3)(𝜎2 − 𝜎3) − {[𝜎1 − 𝜎2 + cos
2ω sin2β (𝜎2 − 𝜎3) + cos
2β (𝜎2 − 𝜎1)]  (42) 
x [cos2ω sin2β (σ2 − σ3) + cos
2β (σ2 − σ1)]} 
 
Referring to Table 3 below, the white rows in the middle of the table represent the true-triaxial JPW criterion section. 
Insert Eqs. 41 and 42 into Coulomb’s criterion for plane of weakness, Eq. 21. Using strength parameters (μw & Sw)  from 
Ambrose (2014), all variables  are known except for σ1. Thus, the objective is to solve for σ1. The problem is σ1 appears 
on both sides of Eq. 21 when Eqs. 41 and 42 are inserted. Solving for σ1 requires a program written on Visual Basic 
Excel. (Appendix E). The blue rows in Table 3 are the Mogi-Coulomb criterion section. Eqs. 8, 12, 19 and 20 are inserted into 
the linear-Mogi, Eq. 11 and 𝜎1 is solved by a program written in Visual Basic Excel (Appendix E). As Mogi-Coulomb 
criterion is independent of orientation (β or ω), a constant number is produced across increasing β. 
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Table 3 – Sample table for true-triaxial JPW and Mogi-Coulomb failure envelope 
 
 
Table 3 is a working table to produce a true-triaxial JPW and Mogi-Coulomb failure envelope for a particular condition. The 
condition above is at conventional triaxial stresses where 𝜎2=𝜎3= 0 psi, with 𝜎3/Sw = 𝜎2/Sw = 0, and ω = 0 degree.The 
strength parameters are obtained from Ambrose (2014)’s iteration method for Quartz Phyllite (Ramamurthy et. al, 1993). The 
process is then repeated for different conditions of increasing 𝜎2 (𝜎2/Sw = 1 and 𝜎2/Sw = 2) at constant 𝜎3= 0 psi (𝜎3/
Sw = 0). 𝜎3 is then increased to 𝜎3/Sw = 1 at 𝜎2/Sw = 1 , and similar processes of increasing 𝜎2 (𝜎2/Sw = 2 and 
𝜎2/Sw = 3) repeat. Finally, the whole processes are repeated at increasing ω (ω=0,45,90). The remaining working tables for 
the remaining conditions to create the failure envelope are attached in Appendix D.  
 
 
 
Fig. 11 – True-triaxial JPW & Mogi-Coulomb failure envelope at 𝛔𝟑/𝐒𝐰 = 𝟎. Plots for 
𝛔𝟑/𝐒𝐰 = 𝟏 and 𝛔𝟑/𝐒𝐰 = 𝟐 are attached in Appendix C 
 
Fig. 11 shows the true-triaxial JPW & Mogi-Coulomb failure envelope at 𝜎3/Sw = 0 with increasing 𝜎2/Sw  and ω. The 
three horizontal and parallel lines represent Mogi-Coulomb criterion three values of 𝜎2/Sw  at 𝜎2/Sw = 0, 𝜎2/Sw = 1 and 
𝜎2/Sw = 2. As 𝜎2/Sw increases, so does the rock compressive strength, 𝜎1/Sw  .  
σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw β (deg) ω (deg) σn (psi) τ (psi) Sw+μw*σn (psi)
0 0 12551 5.58 0 0
0 0 12551 5.58 5 0
0 0 12551 5.58 10 0
0 0 12551 5.58 15 0
0 0 12551 5.58 20 0
0 0 12551 5.58 25 0
0 0 12551 5.58 30 0
0 0 12551 5.58 35 0
0 0 12551 5.58 38 0 7867.4 6070.2 6070.2
0 0 10846 4.82 40 0 6364.5 5340.4 5340.4
0 0 8748 3.89 45 0 4373.8 4373.8 4373.8
0 0 7711 3.43 50 0 3186.2 3797.1 3797.1
0 0 7256 3.22 55 0 2387.1 3409.1 3409.1
0 0 7220 3.21 60 0 1805.1 3126.5 3126.5
0 0 7594 3.38 65 0 1356.3 2908.6 2908.6
0 0 8504 3.78 70 0 994.7 2733.0 2733.0
0 0 10346 4.60 75 0 693.1 2586.5 2586.5
0 0 12551 5.58 78 0 520.7 2502.8 2502.8
0 0 12551 5.58 80 0
0 0 12551 5.58 85 0
0 0 12551 5.58 86 0
0 0 12551 5.58 87 0
0 0 12551 5.58 88 0
0 0 12551 5.58 89 0
0 0 12551 5.58 90 0
Mogi-Coulomb Criterion
Mogi-Coulomb Criterion
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
0 10 20 30 40 50 60 70 80 90
σ1/Sw 
β, degree 
σ2/Sw = 0 
σ2/Sw = 1 
σ2/Sw = 2 
ω = 0o 
σ2/Sw=0 
σ2/Sw=1 
σ2/Sw=2 
 
 
 
 
ω = 45o 
σ2/Sw=1 
 
ω = 90o 
σ2/Sw=1 
 
ω = 45o 
σ2/Sw=2 
 
ω = 90o 
σ2/Sw=2 
 
True-Triaxial 
JPW Criterion 
Conditions 
σ3 /Sw=0, σ3 = 0 psi 
σ2 /Sw=0, σ2 = 0 psi 
ω = 0 degree 
 
 
Strength Parameters 
Φw = 25.9 degree 
μw = 0.486 
Sw = 2250 psi 
 
Φo = 32.4 degree 
μo = 0.635 
So = 3450 psi 
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The largest and deepest ‘concave-up’ shape represents true-triaxial JPW criterion at ω=0o. At ω=0o, the rock compressive 
strength, 𝜎1 does not change with increasing𝜎2/Sw  as the plots are all overlaping on each other. In other words, the rock 
compressive strength, 𝜎1 is irrelevant of 𝜎2when the plane of weakness is parallel to 𝜎2 direction. 
 
As ω increases from 0o to 90o, the ‘concave-up’ shape shrinks down in its depth and range meaning the rock compressive 
strength, 𝜎1 increases. The explanation behind this is that as the foliation angle, ω increases, the plane is also rotating towards 
facing 𝜎2 direction and at ω=90
o
, the plane is totally facing 𝜎2 direction (refer to Fig. 9) and the effect of 𝜎2 on rock 
compressive strength, 𝜎1 at this orientation is maximum. 
 
 
Fig. 12 – Impact of varying ω, 𝝈𝟐and 𝝈𝟑on rock strength, 𝝈𝟏 
Fig. 12 shows how 𝜎1 is affected by changing 𝜎2, 𝜎3 and ω at β=60
o
. The lowest horizontal line is the plot of 𝜎2/Sw =
𝜎3/Sw = 0 which is a conventional triaxial case. Under conventional triaxial stresses, foliation angle, ω does not have any 
effect on rock compressive strength, 𝜎1 because the plane is seeing the same stress when it rotates from ω=0
o
 to ω=90o. ω 
being irrelevant in conventional triaxial case has been proven experimentally by Mogi when he conducted two modes of 
conventional triaxial experiments. The first mode is at β=60o, ω=0o and the second mode is at β=60o, ω=45o. Both modes yield 
the same experimental and theoretical results (Fig. 13 and 14) 
 
At condition𝜎3/Sw = 0 and 𝜎2/Sw = 1, as the plane of weakness rotates towards facing the direction of 𝜎2 (with increasing 
ω), 𝜎1 also increases and reaches maximum when the plane of weakness is facing towards 𝜎2 direction at ω=90
o
 (β=60o). The 
effect of rock strengthening is stronger when 𝜎2 is increased further (𝜎3/Sw = 0 and  𝜎2/Sw = 2).  
 
The dashed box in Fig. 12 shows three lines representing (𝜎3/Sw = 0/ 𝜎2/Sw = 2), (𝜎3/Sw = 1/ 𝜎2/Sw = 2), (𝜎3/Sw =
2/ 𝜎2/Sw = 2) converging at ω=90
o. As ω approaches 90o, the plane of weakness is also approaching maximum impact from 
𝜎2 while 𝜎3 is becoming more irrelevant because at ω=90
o
, the plane is aligned parallel to the direction of 𝜎3 (refer to Figure 
9).Therefore at ω=90o, 𝜎3 becomes irrelevant with the rock compressive strength, 𝜎1 
0
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σ3/Sw=2, σ2/Sw=2, β=60 
σ3/Sw=2, σ2/Sw=3, β=60 
σ3/Sw=2, σ2/Sw=4, β=60 
σ3/Sw = 0 
σ3/Sw = 1 
σ3/Sw = 2 
   means increasing  σ2/Sw  from 0,1 and 2 at 
every stage of σ3/Sw  
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JPW Comparison with Actual Data (Mogi) 
 
Fig. 13 – Conventional triaxial JPW comparison with Mogi data at β=60
o
 and ω=0
o
 for 
Chichibu Schist 
 
 
Fig. 14 – Conventional triaxial JPW comparison with Mogi data at β=60
o
 and ω=45
o
 for 
Chichibu Schist 
 
JPW criterion discussed in previous section is compared to actual Mogi data as shown in Fig. 13 and 14. The comparison is 
done in 2 modes being at β=60o, ω=0o and β=60o, ω=45o. The results show that the theoretical JPW 𝜎1 agrees well with the 
actual Mogi 𝜎1. The average percentage difference between JPW model and Mogi data in Fig. 13 and 14 is 4.3% and 2.5% 
respectively.  
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Fig. 15 – True-triaxial JPW comparison with Mogi data at β=60
o
 
In Fig. 15, true-triaxial JPW is compared to actual data from Mogi at three different modes being (β=60o, ω=0o), (β=60o, 
ω=45o) & (β=60o, ω=90o) at constant σ3 = 7251.9 psi and increasing 𝜎2. In mode I where ω=0
o
, the plane of weakness is aligned 
parallel to the direction of 𝜎2, therefore rock strength, 𝜎1 is irrelevant of 𝜎2. This has been demonstrated in the plot of mode I 
in Fig. 15 where theoretical σ1 is shown to be constant with increasing 𝜎2. However, the actual Mogi data shows irregularities 
compared to the theoretical predictions of 𝜎1. In mode II and III where ω=45
o
 and ω=90o respectively, the theoretical σ1 only 
agrees with actual σ1 at lower σ2 but the true-triaxial JPW model tends to overpredict σ1 with increasing σ2. Nevertheless, the 
true-triaxial JPW model based on Eqs 41, 42 and 21 is still superior to the traditional JPW model based on Eqs. 21, 22 and 25 
because it still captures the effect of 𝜎2. The true-triaxial JPW model at ω=0
o
 reduces to the traditional JPW model where the 
horizontal line in Fig. 15 represents. 
 
Table 4 –True-triaxial JPW and Mogi data comparison at β=60
o
, ω=0
o
 and  𝛔𝟑 = 𝟕𝟐𝟓𝟏. 𝟗 𝐩𝐬𝐢 (mode I) 
β=60o, ω=0o  
 
σ3 (psi) σ2 (psi) σ1, JPW (psi) σ1, Mogi (psi) Percentage Difference, % 
7,251.9 7,251.9 36,308.6 35,389.2 2.6 
7,251.9 12,328.2 36,308.6 32,633.5 11.3 
7,251.9 14,503.8 36,308.6 29,877.8 21.5 
7,251.9 17,549.6 36,308.6 30,167.8 20.4 
7,251.9 19,290.0 36,308.6 34,809.0 4.3 
7,251.9 24,076.3 36,308.6 32,633.5 11.3 
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Table 5 –True-triaxial JPW and Mogi data comparison at β=60
o
, ω=45
o
 and  𝛔𝟑 = 𝟕𝟐𝟓𝟏. 𝟗 𝐩𝐬𝐢 (mode II) 
β=60o, ω=45o 
 
  
σ3 (psi) σ2 (psi) σ1, JPW (psi) σ1, Mogi (psi) Percentage Difference, % 
7,251.9 7,251.9 36,308.6 33,793.8 7.4 
7,251.9 7,251.9 36,308.6 35,389.2 2.6 
7,251.9 7,251.9 36,308.6 35,824.3 1.4 
7,251.9 8,122.1 37,621.5 39,595.3 5.0 
7,251.9 10,152.6 40,548.9 42,060.9 3.6 
7,251.9 12,473.2 43,693.9 42,641.1 2.5 
7,251.9 14,068.7 45,748.9 43,511.3 5.1 
7,251.9 14,068.7 45,748.9 43,221.2 5.8 
7,251.9 17,549.6 49,971.4 50,183.0 0.4 
7,251.9 17,549.6 49,971.4 48,587.6 2.8 
7,251.9 20,885.4 53,725.2 46,122.0 16.5 
7,251.9 22,625.9 55,582.6 44,671.6 24.4 
7,251.9 24,221.3 57,228.4 46,267.0 23.7 
7,251.9 24,366.3 57,375.4 50,183.0 14.3 
7,251.9 26,106.8 59,106.9 44,091.5 34.1 
7,251.9 29,442.7 62,262.4 46,412.1 34.2 
7,251.9 29,442.7 62,262.4 54,534.2 14.2 
7,251.9 32,923.6 65,337.7 45,396.8 43.9 
 
Table 6 –True-triaxial JPW and Mogi data comparison at β=60
o
, ω=90
o
 and  𝛔𝟑 = 𝟕𝟐𝟓𝟏. 𝟗 𝐩𝐬𝐢 (mode III) 
β=60o, ω=90o 
 
  
σ3 (psi) σ2 (psi) σ1, JPW (psi) σ1, Mogi (psi) Percentage Difference, % 
7,251.9 7,251.9 36,308.6 31,763.3 14.3 
7,251.9 7,251.9 36,308.6 35,389.2 2.6 
7,251.9 12,473.2 52,293.0 45,106.7 15.9 
7,251.9 14,068.7 57,177.5 46,122.0 24.0 
7,251.9 17,549.6 67,833.9 57,580.0 17.8 
7,251.9 22,480.8 82,930.2 64,541.8 28.5 
7,251.9 22,625.9 83,374.4 70,778.4 17.8 
 
Tables 4,5 and 6 show the percentage difference between true-triaxial JPW and Mogi data for Mode I, II and III. The average 
percentage differences for Mode I (β=60o, ω=0o), Mode II (β=60o, ω=45o) and Mode III (β=60o, ω=90o) are 11.9%,  13.4% and 
17.3% respectively. 
 
Summary and Conclusions 
 
The Mogi-Coulomb criterion is more representative of the actual data compared to the Mohr-Coulomb criterion under true-
triaxial stress. Mogi-Coulomb criterion predicts increasing rock compressive strength, σ1 with increasing intermediate 
principal stress, σ2 
 
The true-triaxial JPW model also predicts increasing rock compressive strength, σ1 with increasing foliation angle, ω and 
intermediate principal stress, σ2. Higher foliation angle, ω leads to higher impact on σ1 when σ2 increases.  
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The theoretical prediction of true-triaxial JPW model also tends to overpredict the rock strength compared to Mogi data.  
 
In conclusion, the results show general agreement with the trend of increased σ1 strength with increasing σ2 but the accuracy 
of the prediction still needs to be worked on in the future. The results are also inconclusive because of lack of true-triaxial 
data. Hence, more true-triaxial data need to be produced and studied. 
 
Nomenclature 
 
 = shear stress acting on the failure plane, psi 
τ𝑚 = maximum shear stress acting on the failure plane, psi 
σm  = mean normal stress, psi 
n = normal stress acting on the failure of plane, psi 
ϕ = angel of internal friction, degrees 
ϕw = angel of internal friction for plane of weakness, degrees 
ϕ𝑜 = angel of internal friction for intact rock, degrees 
 = angle between the major principal stress and the plane for which stresses are being determined, degrees 
1 = major principal stress, psi 
2 = intermediate principal stress, psi 
3 = minor principal stress, psi 
C0 = uniaxial or unconfined compression strength, psi 
oct = octahedral shear stress, psi 
σoct = octahedral stress, psi 
m,2 = octahedral effective normal stress, psi 
a = linear Mogi-Coulomb criterion parameter, constant part, psi 
b = linear Mogi-Coulomb criterion parameter, linear part, psi 
 = angle between normal stress and major principal stress, degress 
ω = foliation direction (angle in azimuth with respect to intermediate principal stress direction), degress 
l, m, n = directional cosines, dimensionless 
So = cohesion of the material for intact rock, psi 
Sw = cohesion of the material for plane of weakness, psi 
μo = coefficient of internal friction for intact rock, dimensionless 
μw = coefficient of internal friction for plane of weakness, dimensionless 
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Appendix A - Milestones in fully-triaxial rock failure criteria for anisotropic rocks 
 
 
 Source Year Title Authors Contribution 
Geol. Mag., Vol. 97 p. 
65-72 
1960 
“Shear failure of 
anisotropic rock” 
Jaeger, J.C 
Jaeger’s Plane of Weakness 
(JPW) to model failure for 
anisotropic rocks 
Journal of Geophysical 
Research. 72 (20), 
5117-5131 
1967 
“Effect of the 
intermediate 
principal stress on 
rock failure” 
Mogi, K. 
Confirmation that σ2 has an 
impact on rock strength at 
failure 
Int J Rock Mech Min 
Sci, 39[6], 695-729 
2002 
“A statistical 
evaluation of intact 
rock failure criteria 
constrained by 
polyaxial test data 
for five different 
rocks” 
Colmenares, L. B. 
and Zoback, M. D. 
Comprehensive statistical 
analysis over the most 
important polyaxial failure 
criteria, measuring the misfits 
and stressing out the advantages 
and disadvantages of each 
criterion. 
PHD Thesis in in KTH 2006 
“Wellbore stability 
analysis based on a 
new true-triaxial 
failure criterion” 
Al-Ajmi, A. 
New linear Mogi-Coulomb 
criterion is developed and 
implications on wellbore 
stability are presented 
American Rock 
Mechanics Association 
(ARMA). 2014-7506 
ARMA Conference 
Paper 
2014 
“Failure of shales 
under triaxial 
compressive stress” 
Ambrose, J. 
Zimmerman, R.W 
Suarez-Rivera, R. 
Comparison on JPW and 
Pariseau model on failure of 
anisotropic rocks e.g shales and 
respective model’s applicability 
on rocks with different degree 
of strength anisotropy. 
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Appendix B - Critical Literature Review 
 
Journal of Geophysical Research. 72 (20), 5117-5131 (1967) 
Effect of the intermediate principal stress on rock failure 
Authors: Mogi, K. 
Confirmation that 2 has an impact on rock strength, 1. Showed true-triaxial tests yielded different results compared to 
conventional triaxial tests.  
Objective of the paper: 
To present the experimental results of true-triaxial tests and conventional triaxial tests.  
Methodology: 
A series of true-triaxial compression and extension tests were run, as well as conventional triaxial tests, on three different types 
of rock specimen, following procedures and using equipment designed to improve accuracy. Results were plotted and 
compared with Mohr and Von Misses criteria where both criteria show poor matching. 
Conclusion reached: 
More data and further studies are needed for conclusion. The effect of intermediate stress in total resistance is explained by a 
“small-cracks” theory proposed.  
 
Journal Tectonophysics. 11 (2), 111-127 (1971a) 
Effect of the triaxial stress system on the failure of dolomite and limestone 
Authors: Mogi, K. 
Presents the impact 3 and 2 on ductility of the rocks whereby 3 increases the ductility whilst 2 decreases it. Proposes new 
extension of von Mises criterion. 
Objective of the paper: 
To present the results of the research done using a new type of apparatus capable of performing true triaxial tests.  
Methodology used: 
Two types of rock were tested with the new apparatus and results were plotted in τoct − σm,2 space. 
Conclusion reached: 
Final rock resistance is heavily dependent on 2 but less on 3. The plots τoct − σm,2 space show a good correlation between 
these two variables, indicating that true-triaxial failure in rocks should be described by a relationship involving them. 
 
International Journal of Rock Mechanics and Mining Sciences, 39[6], 695-729 (2002) 
A statistical evaluation of intact rock failure criteria constrained by polyaxial test data for five different rocks 
Authors: Colmenares, L. B. and Zoback, M. D. 
A comprehensive statistical analysis is done over the most important polyaxial failure criteria, measuring the misfits and 
stressing out the advantages and disadvantages of each criterion. 
 Objective of the paper: 
Compare results from different failure criteria, concluding on which are more adequate for some particular conditions. 
Methodology used: 
Gives an overview on several failure criteria and executes the statistical treatment of the data. Plots the misfits as a function of 
rock properties, defining regions of better applicability for each criterion. 
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Conclusion reached: 
Modified Wiebols and Cook and the Modified Lade criteria achieved good fits to most of the test data. The Mogi 1967 
empirical criterion was always able to reproduce the trend of the experimental data for all the rocks. The Drucker–Prager 
failure criterion did not accurately indicate the value of 1 at failure and had the highest misfits. 
 
 
Doctoral Thesis in Engineering Geology. KTH, Land and Water Resources Engineering (2006) 
Wellbore stability analysis based on a new true-triaxial failure criterion 
Authors: Al-Ajmi, Adel 
A new true-triaxial failure criterion, the Mogi-Coulomb, criterion is developed. This failure criterion is a linear failure 
envelope in the Mogi domain (τoct-σm,2 space) which can be directly related to the Coulomb strength parameters, cohesion and 
friction angle.  
Objective of the paper: 
Provide a new criteria to define rock failure that is in accordance with both triaxial and polyaxial tests. Compare the accuracy 
of this new criterion with others widely used in previous literature. Present the impact of this new criterion in wellbore 
stability. 
Methodology used: 
A linear dependency is assumed and tested against laboratory results available, showing a good relation. It is also compared 
with other criteria and proven to be better. An analytical approach is made in verifying the accordance of the new criterion 
with the Mohr-Coulomb criterion, when considering a triaxial stress state, concluding that they represent the same criterion in 
these conditions. An analytical analysis is used to study the impact of the new criterion in vertical and horizontal wells, 
deriving expressions for mud pressure determination. For inclined wells, a computer program is developed that numerically 
determines the mud weight needed for borehole stability. 
Conclusion reached: 
Linear Mogi-Coulomb criterion is an accurate way of simulating rock behavior at failure, for a true-triaxial stress state. It is 
equivalent to the well known and tested Mohr-Coulomb criterion in triaxial stress states and the needed parameters can be 
derived from conventional triaxial data, leading to expressions that depend only of cohesion and internal friction angle. This 
new criterion leads to a less conservative mud weight compared with the Mohr-Coulomb criterion, because it takes into 
account the strengthening effect of 2. The results predicted by the criterion are in line with the results given by tests, 
especially in the zones where 2 is not close to 1. 
 
Doctoral Thesis in Department of Earth Science and Engineering, Imperial College London (2014) 
Strength of anisotropic shales under triaxial stress conditions 
Authors: Ambrose, J. 
Comparison on JPW and Pariseau model on failure of anisotropic rocks e.g shales and respective model’s applicability on 
rocks with different degrees of strength anisotropy. 
Objective of the paper: 
To compare JPW and Pariseau’s model with actual data available throughout various literatures and discuss the true-triaxial 
JPW in comparison with Mogi’s true-triaxial data. 
Methodology used: 
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Develop new technique of determining the strength parameters of various rock types by iteration method (MATLAB program) 
where combinations of strength parameters are calculated iteratively and the best-fitted strength parameters are saved. The 
strength parameters are used in JPW, true-triaxial JPW and Pariseau’s equations to provide solutions on a particular rock’s 
strength. Hence, comparison between various models are made. CT scan observations were used to study the rock fabric and 
its relations with different failure modes (weak-plane, intact or combination of both). 
   
Conclusion reached: 
Rocks with relatively higher degree of anisotropy (SAR>2) better fit with Pariseau’s continuous model while rocks with 
relatively lower degree of anisotropy (SAR<2) better fit with JPW’s model. Both models are able to predict failure under true-
triaxial stress conditions. The results show that an increase in 2 increases the intact rock strength whereas the weak plane 
failure depends on more variables other than 2 such as the bedding and foliation angles (β and ω) 
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Appendix C - Conventional triaxial JPW comparison with actual data 
 
 
 
Fig. 16 – JPW failure envelope for Carbona Phyllite 
 
 
Fig. 17 – JPW failure envelope for Micaceous Phyllite 
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Fig. 18 – JPW failure envelope for Pernhyn Slate 
 
Fig. 19 – JPW failure envelope for Tournemire Shale 
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Fig. 20 – JPW failure envelope for Quartz Phyllite 
 
 
Fig. 21 - JPW failure envelope for Green River Shale-1 
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Fig. 22 – JPW failure envelope for Austin Slate 
 
Fig. 23 – JPW failure envelope for Martinsburg Slate 
0
20000
40000
60000
80000
100000
120000
140000
160000
0 10 20 30 40 50 60 70 80 90 100
σ1 , psi
β, degree
Austin Slate
σ1 vs β (Triaxial JPW)
σ2=σ3
JPW σ3 = 5000 psi
JPW σ3 = 10000 psi
JPW σ3 =20000 psi
JPW σ3 = 30000 psi
JPW σ3 = 40000 psi
Actual σ3 = 5000 psi
Actual σ3 = 10000 psi
Actual σ3 = 20000 psi
Actual σ3 = 30000 psi
Actual σ3 = 40000 psi
0
20000
40000
60000
80000
100000
120000
140000
0 10 20 30 40 50 60 70 80 90 100
σ1 , psi
β, degree
Martinsburg Slate
σ1 vs β (Triaxial JPW)
σ2=σ3
JPW σ3 = 508 psi
JPW σ3 = 1523 psi
JPW σ3 = 5076 psi
JPW σ3 = 7252 psi
JPW σ3 = 14504 psi
JPW σ3 = 29008 psi
Actual σ3 = 508 psi
Actual σ3 = 1523 psi
Actual σ3 = 5076 psi
Actual σ3 = 7252 psi
Actual σ3 = 14504 psi
Actual σ3 = 29008 psi
   C-5 
 
  
 Fig. 24 – JPW failure envelope for Angers Schist 
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Appendix D - Calculations used to build the figures in main body of thesis 
 
Table 7: Comparison between Mohr-Coulomb, Mogi-Coulomb and experimental data (Fig. 4) 
β=0 
  
MOGI 
 
COULOMB 
  
No σ3 (psi) σ2 (psi) σ1 (psi) σ1 (act) σ1 (psi) τoct a+b*σm,2 
52 7251.9 7251.9 58169.36 55839.5 58169.21 24002.72 24002.72 
53 7251.9 10297.7 62441.48 64686.8 58169.21 25329.26 25329.26 
54 7251.9 10732.8 63022.49 64831.9 58169.21 25509.66 25509.66 
55 7251.9 10877.8 63214.57 70488.3 58169.21 25569.31 25569.31 
56 7251.9 14938.9 68299.27 72808.9 58169.21 27148.16 27148.16 
57 7251.9 16679.3 70314.56 76579.9 58169.21 27773.92 27773.92 
58 7251.9 21465.6 75390.94 77015 58169.21 29350.19 29350.19 
59 7251.9 22625.9 76522.71 78320.4 58169.21 29701.61 29701.61 
60 7251.9 27847.2 81151.64 83686.8 58169.21 31138.94 31138.94 
61 7251.9 32923.6 84918.43 81656.2 58169.21 32308.56 32308.56 
62 7251.9 36114.4 86897.18 79190.6 58169.21 32922.98 32922.98 
63 7251.9 37999.9 87915.04 81511.2 58169.21 33239.04 33239.04 
64 7251.9 45831.9 90737.4 81946.3 58169.21 34115.41 34115.41 
 
Table 8: JPW model failure envelope for Green River Shale-2 (Fig. 8) 
Green River Shale-2 
       σ3, psi β, deg σ1 (act), psi σ1 (JPW), psi β1, deg β2, deg σ1 (Coulomb), psi σ1,min, psi βmin 
1000 0 18677 19850.67 33.93 74.77 19850.67 13097.54 35.65 
1000 5 
 
19850.67 33.93 74.77 19850.67 
  
1000 10 
 
19850.67 33.93 74.77 19850.67 
  
1000 15 
 
19850.67 33.93 74.77 19850.67 
  
1000 20 
 
19850.67 33.93 74.77 19850.67 
  
1000 25 
 
19850.67 33.93 74.77 19850.67 
  
1000 30 17380 19850.67 33.93 74.77 19850.67 
  
1000 33.934 
 
19849.97 33.93 74.77 
   
1000 35 
 
18874.29 35.00 73.70 
   
1000 40 
 
15768.05 40.00 68.70 
   
1000 45 
 
14116.73 45.00 63.70 
   
1000 50 14715 13305.95 50.00 58.70 
   
1000 55 
 
13102.12 53.70 55.00 
   
1000 60 13559 13452.86 48.70 60.00 
   
1000 65 
 
14449.85 43.70 65.00 
   
1000 70 16292 16395.66 38.70 70.00 
   
1000 74.766 
 
19849.97 33.93 74.77 
   
1000 75 
 
19850.67 33.93 74.77 19850.67 
  
1000 80 19227 19850.67 33.93 74.77 19850.67 
  
1000 85 
 
19850.67 33.93 74.77 19850.67 
  
1000 90 21556 19850.67 33.93 74.77 19850.67 
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σ3, psi β, deg σ1 (act), psi σ1 (JPW), psi β1, deg β2, deg σ1 (Coulomb), psi σ1,min, psi βmin 
5000 0 27273 27770.80 35.64 73.06 27770.80 20872.86 35.65 
5000 5 
 
27770.80 35.64 73.06 27770.80 
  
5000 10 
 
27770.80 35.64 73.06 27770.80 
  
5000 15 
 
27770.80 35.64 73.06 27770.80 
  
5000 20 
 
27770.80 35.64 73.06 27770.80 
  
5000 25 
 
27770.80 35.64 73.06 27770.80 
  
5000 30 25724 27770.80 35.64 73.06 27770.80 
  
5000 35 
 
27770.80 35.64 73.06 27770.80 
  
5000 35.64 
 
27770.38 35.64 73.06 
   
5000 40 
 
24376.76 40.00 68.70 
   
5000 45 
 
22210.12 45.00 63.70 
   
5000 50 22756 21146.31 50.00 58.70 
   
5000 55 
 
20878.87 53.70 55.00 
   
5000 60 21499 21339.07 48.70 60.00 
   
5000 65 
 
22647.19 43.70 65.00 
   
5000 70 24635 25200.24 38.70 70.00 
   
5000 73.06 
 
27770.38 35.64 73.06 
   
5000 75 
 
27770.80 35.64 73.06 27770.80 
  
5000 80 27368 27770.80 35.64 73.06 27770.80 
  
5000 85 
 
27770.80 35.64 73.06 27770.80 
  
5000 90 29445 27770.80 35.64 73.06 27770.80 
  
         
σ3, psi β, deg σ1 (act), psi σ1 (JPW), psi β1, deg β2, deg σ1 (Coulomb), psi σ1,min, psi βmin 
10000 0 38081 37670.97 37.20 71.50 37670.97 30592.01 35.65 
10000 5 
 
37670.97 37.20 71.50 37670.97 
  
10000 10 
 
37670.97 37.20 71.50 37670.97 
  
10000 15 
 
37670.97 37.20 71.50 37670.97 
  
10000 20 
 
37670.97 37.20 71.50 37670.97 
  
10000 25 
 
37670.97 37.20 71.50 37670.97 
  
10000 30 36633 37670.97 37.20 71.50 37670.97 
  
10000 35 
 
37670.97 37.20 71.50 37670.97 
  
10000 37.205 
 
37670.88 37.21 71.50 
   
10000 40 
 
35137.66 40.00 68.70 
   
10000 45 
 
32326.85 45.00 63.70 
   
10000 50 32958 30946.76 50.00 58.70 
   
10000 55 
 
30599.81 53.70 55.00 
   
10000 60 30640 31196.83 48.70 60.00 
   
10000 65 
 
32893.86 43.70 65.00 
   
10000 70 34736 36205.96 38.70 70.00 
   
10000 71.495 
 
37670.88 37.21 71.50 
   
10000 75 
 
37670.97 37.20 71.50 37670.97 
  
10000 80 38479 37670.97 37.20 71.50 37670.97 
  
10000 85 
 
37670.97 37.20 71.50 37670.97 
  
10000 90 40960 37670.97 37.20 71.50 37670.97 
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σ3, psi β, deg σ1 (act), psi σ1 (JPW), psi β1, deg β2, deg σ1 (Coulomb), psi σ1,min, psi 
15000 0 47929 47571.14 38.38 70.32 47571.14 40311.16 
15000 5 
 
47571.14 38.38 70.32 47571.14 
 
15000 10 
 
47571.14 38.38 70.32 47571.14 
 
15000 15 
 
47571.14 38.38 70.32 47571.14 
 
15000 20 
 
47571.14 38.38 70.32 47571.14 
 
15000 25 
 
47571.14 38.38 70.32 47571.14 
 
15000 30 46532 47571.14 38.38 70.32 47571.14 
 
15000 35 
 
47571.14 38.38 70.32 47571.14 
 
15000 38.378 
 
47571.24 38.38 70.32 
  
15000 40 
 
45898.56 40.00 68.70 
  
15000 45 
 
42443.58 45.00 63.70 
  
15000 50 42958 40747.21 50.00 58.70 
  
15000 55 
 
40320.75 53.70 55.00 
  
15000 60 40438 41054.59 48.70 60.00 
  
15000 65 
 
43140.54 43.70 65.00 
  
15000 70 45393 47211.68 38.70 70.00 
  
15000 70.322 
 
47571.24 38.38 70.32 
  
15000 75 
 
47571.14 38.38 70.32 47571.14 
 
15000 80 48782 47571.14 38.38 70.32 47571.14 
 
15000 85 
 
47571.14 38.38 70.32 47571.14 
 
15000 90 51667 47571.14 38.38 70.32 47571.14 
 
        
σ3, psi β, deg σ1 (act), psi σ1 (JPW), psi β1, deg β2, deg σ1 (Coulomb), psi σ1,min, psi 
25000 0 67374 67371.48 40.04 68.66 67371.48 59749.46 
25000 5 
 
67371.48 40.04 68.66 67371.48 
 
25000 10 
 
67371.48 40.04 68.66 67371.48 
 
25000 15 
 
67371.48 40.04 68.66 67371.48 
 
25000 20 
 
67371.48 40.04 68.66 67371.48 
 
25000 25 
 
67371.48 40.04 68.66 67371.48 
 
25000 30 64108 67371.48 40.04 68.66 67371.48 
 
25000 35 
 
67371.48 40.04 68.66 67371.48 
 
25000 40 
 
67371.48 40.04 68.66 67371.48 
 
25000 40.038 
 
67371.91 40.04 68.66 
  
25000 45 
 
62677.04 45.00 63.70 
  
25000 50 61442 60348.12 50.00 58.70 
  
25000 55 
 
59762.63 53.70 55.00 
  
25000 60 58620 60770.11 48.70 60.00 
  
25000 65 
 
63633.89 43.70 65.00 
  
25000 68.662 
 
67371.91 40.04 68.66 
  
25000 70 64181 67371.48 40.04 68.66 67371.48 
 
25000 75 
 
67371.48 40.04 68.66 67371.48 
 
25000 80 66560 67371.48 40.04 68.66 67371.48 
 
25000 85 
 
67371.48 40.04 68.66 67371.48 
 
25000 90 71515 67371.48 40.04 68.66 67371.48 
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Table 9: True-triaxial JPW & Mogi-Coulomb failure envelope (Fig. 11) 
Quartz Phyllite 
       
s3/Sw=0 
        
s2/Sw=0 
        
s2=0, s3=0, w=0 
       
TRUE TRIAXIAL JPW CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
0 0 -4633.69 -2.06 0 0 -4633.69 0.00 0.00 
0 0 -3956.33 -1.76 5 0 -3926.27 343.50 343.50 
0 0 -3504.99 -1.56 10 0 -3399.30 599.39 599.39 
0 0 -3200.36 -1.42 15 0 -2985.97 800.09 800.09 
0 0 -2999.33 -1.33 20 0 -2648.48 963.97 963.97 
0 0 -2877.72 -1.28 25 0 -2363.74 1102.23 1102.23 
0 0 32688.16 14.53 30 0 24516.12 14154.39 14154.39 
0 0 15622.69 6.94 35 0 10482.98 7340.26 7340.26 
0 0 12550.95 5.58 37.6525 0 7867.39 6070.20 6070.20 
0 0 10845.60 4.82 40 0 6364.46 5340.42 5340.42 
0 0 8747.61 3.89 45 0 4373.81 4373.81 4373.81 
0 0 7711.38 3.43 50 0 3186.16 3797.12 3797.12 
0 0 7255.79 3.22 55 0 2387.08 3409.10 3409.10 
0 0 7220.35 3.21 60 0 1805.09 3126.50 3126.50 
0 0 7593.76 3.38 65 0 1356.29 2908.58 2908.58 
0 0 8503.64 3.78 70 0 994.74 2733.02 2733.02 
0 0 10346.13 4.60 75 0 693.06 2586.53 2586.53 
0 0 12550.95 5.58 78.2475 0 520.71 2502.84 2502.84 
0 0 14389.11 6.40 80 0 433.88 2460.68 2460.68 
0 0 27064.21 12.03 85 0 205.58 2349.83 2349.83 
0 0 33470.31 14.88 86 0 162.87 2329.08 2329.08 
0 0 44174.62 19.63 87 0 121.00 2308.75 2308.75 
0 0 65622.88 29.17 88 0 79.93 2288.81 2288.81 
0 0 130043.90 57.80 89 0 39.61 2269.23 2269.23 
0 0 ######## ######## 90 0 0.00 2250.00 2250.00 
MOGI-COULOMB CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw τoct, psi a+b*σm,2, psi 
   
0 0 12551.08 5.58 5916.64 5916.64 
   
         
s2/Sw=1 
        
s2=2250, s3=0, w=0 
       
TRUE TRIAXIAL JPW CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
0 2250 -4633.69 -2.06 0 0 -4633.69 0.00 0.00 
0 2250 -3956.33 -1.76 5 0 -3926.27 343.50 343.50 
0 2250 -3504.99 -1.56 10 0 -3399.30 599.39 599.39 
0 2250 -3200.36 -1.42 15 0 -2985.97 800.09 800.09 
0 2250 -2999.33 -1.33 20 0 -2648.48 963.97 963.97 
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0 2250 -2877.72 -1.28 25 0 -2363.74 1102.23 1102.23 
0 2250 32688.16 14.53 30 0 24516.12 14154.39 14154.39 
0 2250 15622.69 6.94 35 0 10482.98 7340.26 7340.26 
0 2250 14674.08 6.52 35.676 0 9683.08 6951.85 6951.85 
0 2250 10845.60 4.82 40 0 6364.46 5340.42 5340.42 
0 2250 8747.61 3.89 45 0 4373.81 4373.81 4373.81 
0 2250 7711.38 3.43 50 0 3186.16 3797.12 3797.12 
0 2250 7255.79 3.22 55 0 2387.08 3409.10 3409.10 
0 2250 7220.35 3.21 60 0 1805.09 3126.50 3126.50 
0 2250 7593.76 3.38 65 0 1356.29 2908.58 2908.58 
0 2250 8503.64 3.78 70 0 994.74 2733.02 2733.02 
0 2250 10346.13 4.60 75 0 693.06 2586.53 2586.53 
0 2250 14389.11 6.40 80 0 433.88 2460.68 2460.68 
0 2250 14674.08 6.52 80.224 0 423.07 2455.43 2455.43 
0 2250 27064.21 12.03 85 0 205.58 2349.83 2349.83 
0 2250 33470.31 14.88 86 0 162.87 2329.08 2329.08 
0 2250 44174.62 19.63 87 0 121.00 2308.75 2308.75 
0 2250 65622.88 29.17 88 0 79.93 2288.81 2288.81 
0 2250 130043.90 57.80 89 0 39.61 2269.23 2269.23 
0 2250 ######## ######## 90 0 0.00 0.00 2250.00 
MOGI-COULOMB CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw τoct, psi a+b*σm,2, psi 
   
0 2250 14674.44 6.52 6452.98 6452.98 
   
         
s2/Sw=2 
        
s2=4500, s3=0, w=0 
       
TRUE TRIAXIAL JPW CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
0 4500 -4633.69 -2.06 0 0 -4633.69 0.00 0.00 
0 4500 -3956.33 -1.76 5 0 -3926.27 343.50 343.50 
0 4500 -3504.99 -1.56 10 0 -3399.30 599.39 599.39 
0 4500 -3200.36 -1.42 15 0 -2985.97 800.09 800.09 
0 4500 -2999.33 -1.33 20 0 -2648.48 963.97 963.97 
0 4500 -2877.72 -1.28 25 0 -2363.74 1102.23 1102.23 
0 4500 32688.16 14.53 30 0 24516.12 14154.39 14154.39 
0 4500 16252.67 7.22 34.602 0 11011.52 7596.91 7596.91 
0 4500 15622.69 6.94 35 0 10482.98 7340.26 7340.26 
0 4500 10845.60 4.82 40 0 6364.46 5340.42 5340.42 
0 4500 8747.61 3.89 45 0 4373.81 4373.81 4373.81 
0 4500 7711.38 3.43 50 0 3186.16 3797.12 3797.12 
0 4500 7255.79 3.22 55 0 2387.08 3409.10 3409.10 
0 4500 7220.35 3.21 60 0 1805.09 3126.50 3126.50 
0 4500 7593.76 3.38 65 0 1356.29 2908.58 2908.58 
0 4500 8503.64 3.78 70 0 994.74 2733.02 2733.02 
0 4500 10346.13 4.60 75 0 693.06 2586.53 2586.53 
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0 4500 14389.11 6.40 80 0 433.88 2460.68 2460.68 
0 4500 16255.99 7.22 81.3 0 371.93 2430.60 2430.60 
0 4500 27064.21 12.03 85 0 205.58 2349.83 2349.83 
0 4500 33470.31 14.88 86 0 162.87 2329.08 2329.08 
0 4500 44174.62 19.63 87 0 121.00 2308.75 2308.75 
0 4500 65622.88 29.17 88 0 79.93 2288.81 2288.81 
0 4500 130043.90 57.80 89 0 39.61 2269.23 2269.23 
0 4500 ######## ######## 90 0 0.00 0.00 2250.00 
MOGI-COULOMB CALCULATION 
     
σ3, psi σ2, psi σ1, psi σ1/Sw τoct, psi a+b*σm,2, psi 
   
0 4500 16251.80 7.22 6851.41 6851.41 
   
 
Table 10: Impact of varying ω, 𝝈𝟐 and 𝝈𝟑 on rock strength, 𝝈𝟏 (Fig. 12) 
Quartz Phyllite 
       
s3/Sw=0 
        
s2/Sw=0 
        
s2=0, s3=0, B=60 
       σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
0 0 7220.35 3.21 60 0 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 5 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 10 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 15 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 20 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 25 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 30 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 35 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 40 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 45 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 50 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 55 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 60 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 65 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 70 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 75 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 80 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 85 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 86 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 87 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 88 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 89 1805.087607 3126.503448 3126.503448 
0 0 7220.35 3.21 60 90 1805.087607 3126.503448 3126.503448 
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s3/Sw=0 
s2/Sw=1 
        
s2=2250, s3=0, B=60 
       σ3 σ2 σ1 σ1/Sw β ω σn τ Sw+μw*σn 
0 2250 7220.35 3.21 60 0 1805.09 3126.50 3126.50 
0 2250 7249.42 3.22 60 5 1825.17 3136.26 3136.26 
0 2250 7337.48 3.26 60 10 1885.25 3165.43 3165.43 
0 2250 7486.76 3.33 60 15 1984.73 3213.73 3213.73 
0 2250 7700.08 3.42 60 20 2122.42 3280.59 3280.59 
0 2250 7979.46 3.55 60 25 2296.26 3365.01 3365.01 
0 2250 8324.70 3.70 60 30 2503.05 3465.42 3465.42 
0 2250 8731.96 3.88 60 35 2738.16 3579.58 3579.58 
0 2250 9192.94 4.09 60 40 2995.47 3704.52 3704.52 
0 2250 9694.76 4.31 60 45 3267.44 3836.58 3836.58 
0 2250 10220.60 4.54 60 50 3545.42 3971.56 3971.56 
0 2250 10750.89 4.78 60 55 3820.05 4104.92 4104.92 
0 2250 11264.71 5.01 60 60 4081.80 4232.02 4232.02 
0 2250 11741.23 5.22 60 65 4321.41 4348.36 4348.36 
0 2250 12160.91 5.40 60 70 4530.33 4449.81 4449.81 
0 2250 12506.54 5.56 60 75 4701.09 4532.73 4532.73 
0 2250 12763.97 5.67 60 80 4827.61 4594.16 4594.16 
0 2250 12922.72 5.74 60 85 4905.36 4631.92 4631.92 
0 2250 12941.99 5.75 60 86 4914.79 4636.49 4636.49 
0 2250 12957.01 5.76 60 87 4922.13 4640.06 4640.06 
0 2250 12967.76 5.76 60 88 4927.38 4642.61 4642.61 
0 2250 12974.21 5.77 60 89 4930.54 4644.14 4644.14 
0 2250 12976.36 5.77 60 90 4931.59 4644.65 4644.65 
s3/Sw=0 
        
s2/Sw=2 
        
s2=4500, s3=0, B=60 
       σ3 σ2 σ1 σ1/Sw β ω σn τ Sw+μw*σn 
0 4500 7220.35 3.21 60 0 1805.09 3126.50 3126.50 
0 4500 7249.17 3.22 60 5 1837.93 3142.45 3142.45 
0 4500 7341.63 3.26 60 10 1937.18 3190.64 3190.64 
0 4500 7515.24 3.34 60 15 2104.89 3272.08 3272.08 
0 4500 7796.81 3.47 60 20 2344.00 3388.19 3388.19 
0 4500 8217.26 3.65 60 25 2657.11 3540.22 3540.22 
0 4500 8802.67 3.91 60 30 3044.42 3728.29 3728.29 
0 4500 9563.56 4.25 60 35 3501.23 3950.11 3950.11 
0 4500 10487.93 4.66 60 40 4016.45 4200.28 4200.28 
0 4500 11541.91 5.13 60 45 4572.98 4470.52 4470.52 
0 4500 12676.80 5.63 60 50 5149.73 4750.57 4750.57 
0 4500 13837.42 6.15 60 55 5724.01 5029.43 5029.43 
0 4500 14968.57 6.65 60 60 6273.39 5296.20 5296.20 
0 4500 16018.87 7.12 60 65 6776.92 5540.70 5540.70 
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0 4500 16942.95 7.53 60 70 7215.94 5753.87 5753.87 
0 4500 17702.54 7.87 60 75 7574.55 5928.00 5928.00 
0 4500 18267.23 8.12 60 80 7840.04 6056.92 6056.92 
0 4500 18614.97 8.27 60 85 8003.11 6136.10 6136.10 
0 4500 18657.15 8.29 60 86 8022.87 6145.69 6145.69 
0 4500 18690.03 8.31 60 87 8038.26 6153.17 6153.17 
0 4500 18713.54 8.32 60 88 8049.27 6158.52 6158.52 
0 4500 18727.67 8.32 60 89 8055.89 6161.73 6161.73 
0 4500 18732.38 8.33 60 90 8058.09 6162.80 6162.80 
 
s3/Sw=1 
        
s2/Sw=1 
        
s2=2250, s3=2250, w=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
2250 2250 12976.36 5.77 60 0 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 5 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 10 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 15 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 20 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 25 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 30 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 35 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 40 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 45 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 50 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 55 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 60 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 65 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 70 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 75 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 80 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 85 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 86 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 87 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 88 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 89 4931.59 4644.65 4644.65 
2250 2250 12976.36 5.77 60 90 4931.59 4644.65 4644.65 
s3/Sw=1 
        
s2/Sw=2 
        
s2=4500, s3=2250, B=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
2250 4500 12976.36 5.77 60 0 4931.59 4644.65 4644.65 
2250 4500 13010.22 5.78 60 5 4952.87 4654.99 4654.99 
2250 4500 13111.86 5.83 60 10 5016.35 4685.81 4685.81 
2250 4500 13281.34 5.90 60 15 5120.88 4736.56 4736.56 
2250 4500 13518.20 6.01 60 20 5264.45 4806.28 4806.28 
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2250 4500 13820.71 6.14 60 25 5444.08 4893.50 4893.50 
2250 4500 14185.09 6.30 60 30 5655.65 4996.23 4996.23 
2250 4500 14604.80 6.49 60 35 5893.87 5111.91 5111.91 
2250 4500 15070.17 6.70 60 40 6152.28 5237.39 5237.39 
2250 4500 15568.32 6.92 60 45 6423.33 5369.00 5369.00 
2250 4500 16083.62 7.15 60 50 6698.67 5502.70 5502.70 
2250 4500 16598.41 7.38 60 55 6969.43 5634.17 5634.17 
2250 4500 17093.95 7.60 60 60 7226.61 5759.05 5759.05 
2250 4500 17551.52 7.80 60 65 7461.48 5873.10 5873.10 
2250 4500 17953.40 7.98 60 70 7665.95 5972.38 5972.38 
2250 4500 18283.80 8.13 60 75 7832.91 6053.46 6053.46 
2250 4500 18529.65 8.24 60 80 7956.53 6113.48 6113.48 
2250 4500 18681.19 8.30 60 85 8032.48 6150.36 6150.36 
2250 4500 18699.58 8.31 60 86 8041.68 6154.83 6154.83 
2250 4500 18713.91 8.32 60 87 8048.86 6158.31 6158.31 
2250 4500 18724.16 8.32 60 88 8053.99 6160.81 6160.81 
2250 4500 18730.32 8.32 60 89 8057.07 6162.30 6162.30 
2250 4500 18732.38 8.33 60 90 8058.09 6162.80 6162.80 
s3/Sw=1 
        
s2/Sw=3 
        
s2=6750, s3=2250, B=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
2250 6750 12976.36 5.77 60 0 4931.59 4644.65 4644.65 
2250 6750 13024.36 5.79 60 5 4969.23 4662.93 4662.93 
2250 6750 13171.68 5.85 60 10 5082.19 4717.78 4717.78 
2250 6750 13427.51 5.97 60 15 5270.46 4809.20 4809.20 
2250 6750 13804.67 6.14 60 20 5533.47 4936.91 4936.91 
2250 6750 14315.80 6.36 60 25 5869.25 5099.95 5099.95 
2250 6750 14968.57 6.65 60 30 6273.39 5296.20 5296.20 
2250 6750 15761.12 7.00 60 35 6738.12 5521.86 5521.86 
2250 6750 16679.10 7.41 60 40 7251.74 5771.26 5771.26 
2250 6750 17695.48 7.86 60 45 7798.87 6036.93 6036.93 
2250 6750 18772.82 8.34 60 50 8361.24 6310.00 6310.00 
2250 6750 19867.13 8.83 60 55 8918.94 6580.81 6580.81 
2250 6750 20931.85 9.30 60 60 9451.71 6839.50 6839.50 
2250 6750 21921.34 9.74 60 65 9940.04 7076.62 7076.62 
2250 6750 22793.55 10.13 60 70 10366.09 7283.50 7283.50 
2250 6750 23511.99 10.45 60 75 10714.41 7452.64 7452.64 
2250 6750 24047.04 10.69 60 80 10972.49 7577.96 7577.96 
2250 6750 24376.94 10.83 60 85 11131.10 7654.97 7654.97 
2250 6750 24416.98 10.85 60 86 11150.32 7664.31 7664.31 
2250 6750 24448.18 10.87 60 87 11165.30 7671.58 7671.58 
2250 6750 24470.51 10.88 60 88 11176.02 7676.78 7676.78 
2250 6750 24483.92 10.88 60 89 11182.45 7679.91 7679.91 
2250 6750 24488.39 10.88 60 90 11184.60 7680.95 7680.95 
D-10  Fully-triaxial rock failure criteria for anisotropic rocks 
 
s3/Sw=2 
        
s2/Sw=2 
        
s2=4500, s3=4500, B=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
4500 4500 18732.38 8.33 60 0 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 5 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 10 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 15 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 20 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 25 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 30 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 35 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 40 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 45 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 50 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 55 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 60 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 65 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 70 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 75 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 80 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 85 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 86 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 87 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 88 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 89 8058.09 6162.80 6162.80 
4500 4500 18732.38 8.33 60 90 8058.09 6162.80 6162.80 
s3/Sw=2 
        
s2/Sw=3 
        
s2=6750, s3=4500, B=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
4500 6750 18732.38 8.33 60 0 8058.09 6162.80 6162.80 
4500 6750 18768.66 8.34 60 5 8079.98 6173.43 6173.43 
4500 6750 18877.21 8.39 60 10 8145.19 6205.09 6205.09 
4500 6750 19057.01 8.47 60 15 8252.29 6257.10 6257.10 
4500 6750 19306.02 8.58 60 20 8398.90 6328.29 6328.29 
4500 6750 19620.68 8.72 60 25 8581.57 6416.99 6416.99 
4500 6750 19995.47 8.89 60 30 8795.74 6520.98 6520.98 
4500 6750 20422.46 9.08 60 35 9035.79 6637.54 6637.54 
4500 6750 20891.12 9.28 60 40 9295.01 6763.42 6763.42 
4500 6750 21388.38 9.51 60 45 9565.84 6894.92 6894.92 
4500 6750 21898.98 9.73 60 50 9840.01 7028.05 7028.05 
4500 6750 22406.08 9.96 60 55 10108.85 7158.59 7158.59 
4500 6750 22892.00 10.17 60 60 10363.63 7282.31 7282.31 
4500 6750 23339.16 10.37 60 65 10595.89 7395.09 7395.09 
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4500 6750 23730.94 10.55 60 70 10797.83 7493.15 7493.15 
4500 6750 24052.48 10.69 60 75 10962.58 7573.14 7573.14 
4500 6750 24291.47 10.80 60 80 11084.48 7632.34 7632.34 
4500 6750 24438.68 10.86 60 85 11159.35 7668.69 7668.69 
4500 6750 24456.54 10.87 60 86 11168.42 7673.10 7673.09 
4500 6750 24470.46 10.88 60 87 11175.49 7676.53 7676.53 
4500 6750 24480.42 10.88 60 88 11180.55 7678.98 7678.98 
4500 6750 24486.40 10.88 60 89 11183.59 7680.46 7680.46 
4500 6750 24488.39 10.88 60 90 11184.60 7680.95 7680.95 
s3/Sw=2 
        
s2/Sw=4 
        
s2=9000, s3=4500, B=60 
      σ3, psi σ2, psi σ1, psi σ1/Sw β, deg ω, deg σn, psi τ, psi Sw+μw*σn, psi 
4500 9000 18732.38 8.33 60 0 8058.09 6162.80 6162.80 
4500 9000 18790.09 8.35 60 5 8098.16 6182.25 6182.25 
4500 9000 18964.98 8.43 60 10 8218.01 6240.45 6240.45 
4500 9000 19261.75 8.56 60 15 8416.52 6336.84 6336.84 
4500 9000 19686.29 8.75 60 20 8691.37 6470.30 6470.30 
4500 9000 20243.02 9.00 60 25 9038.55 6638.88 6638.88 
4500 9000 20931.85 9.30 60 30 9451.71 6839.50 6839.50 
4500 9000 21745.36 9.66 60 35 9921.68 7067.71 7067.71 
4500 9000 22667.05 10.07 60 40 10436.23 7317.56 7317.56 
4500 9000 23671.13 10.52 60 45 10980.28 7581.74 7581.74 
4500 9000 24723.83 10.99 60 50 11536.49 7851.82 7851.82 
4500 9000 25785.81 11.46 60 55 12086.11 8118.70 8118.70 
4500 9000 26815.05 11.92 60 60 12610.01 8373.09 8373.09 
4500 9000 27769.70 12.34 60 65 13089.63 8605.98 8605.98 
4500 9000 28610.55 12.72 60 70 13507.84 8809.05 8809.05 
4500 9000 29303.05 13.02 60 75 13849.68 8975.04 8975.04 
4500 9000 29818.84 13.25 60 80 14102.94 9098.02 9098.02 
4500 9000 30136.93 13.39 60 85 14258.60 9173.60 9173.60 
4500 9000 30175.54 13.41 60 86 14277.46 9182.76 9182.76 
4500 9000 30205.63 13.42 60 87 14292.16 9189.90 9189.90 
4500 9000 30227.16 13.43 60 88 14302.68 9195.01 9195.01 
4500 9000 30240.09 13.44 60 89 14309.00 9198.07 9198.07 
4500 9000 30244.41 13.44 60 90 14311.10 9199.10 9199.10 
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Table 11: Chichibu Schist (Mogi) conventional and true-triaxial analyses (Figs. 13, 14 and 15) 
 
 
CONVENTIONAL TRIAXIAL 
        
 
s2=s3, β=60, ω=0 (Mode I) 
        
No σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw 
 
β (deg) 
ω 
(deg) 
σn (psi) τ (psi) 
Sw+μw*σn 
(psi) 
1 0.0 0.0 14107.7 3.50 
 
60 0 3526.93 6108.82 6108.82 
2 0.0 0.0 14107.7 3.50 
 
60 0 3526.93 6108.82 6108.82 
3 3625.9 3625.9 25208.0 6.25 
 
60 0 9021.43 9345.33 9345.33 
4 7251.9 7251.9 36308.6 9.01 
 
60 0 14516.08 12581.92 12581.92 
5 10877.8 10877.8 47408.9 11.76 
 
60 0 20010.57 15818.43 15818.43 
           
 
s2=s3, β=60, ω=45 (Mode II) 
        
No σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw 
 
β (deg) 
ω 
(deg) 
σn (psi) τ (psi) 
Sw+μw*σn 
(psi) 
6 0.0 0.0 14107.7 3.50 
 
60 45 3526.93 6108.82 6108.82 
7 0.0 0.0 14107.7 3.50 
 
60 45 3526.93 6108.82 6108.82 
8 3625.9 3625.9 25208.0 6.25 
 
60 45 9021.43 9345.33 9345.33 
9 7251.9 7251.9 36308.6 9.01 
 
60 45 14516.08 12581.92 12581.92 
10 7251.9 7251.9 36308.6 9.01 
 
60 45 14516.08 12581.92 12581.92 
11 7251.9 7251.9 36308.6 9.01 
 
60 45 14516.08 12581.92 12581.92 
12 10877.8 10877.8 47408.9 11.76 
 
60 45 20010.57 15818.43 15818.43 
13 10877.8 10877.8 47408.9 11.76 
 
60 45 20010.57 15818.43 15818.43 
13 10877.8 10877.8 47408.9 11.76 
 
60 45 20010.57 15818.43 15818.43 
 
 
 
TRUE-TRIAXIAL DATA  σ2>σ3 
        
 
β=60, ω=0 (Mode 
I)          
No σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw   β (deg) 
ω 
(deg) 
σn (psi) τ (psi) 
Sw+μw*σn 
(psi) 
19 7251.9 7251.9 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
20 7251.9 12328.2 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
21 7251.9 14503.8 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
22 7251.9 17549.6 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
23 7251.9 19290.0 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
24 7251.9 24076.3 36308.6 9.01   60 0 14516.08 12581.92 12581.92 
           
 
β=60, ω=45 
(Mode II)          
No σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw   β (deg) 
ω 
(deg) 
σn (psi) τ (psi) 
Sw+μw*σn 
(psi) 
25 7251.9 7251.9 36308.6 9.01   60 45 14516.08 12581.92 12581.92 
26 7251.9 7251.9 36308.6 9.01   60 45 14516.08 12581.92 12581.92 
27 7251.9 7251.9 36308.6 9.01   60 45 14516.08 12581.92 12581.92 
28 7251.9 8122.1 37621.5 9.33   60 45 15170.64 12967.49 12967.49 
29 7251.9 10152.6 40548.9 10.06   60 45 16663.92 13847.10 13847.10 
30 7251.9 12473.2 43693.9 10.84   60 45 18320.38 14822.83 14822.83 
31 7251.9 14068.7 45748.9 11.35   60 45 19432.46 15477.89 15477.89 
32 7251.9 14068.7 45748.9 11.35   60 45 19432.46 15477.89 15477.89 
33 7251.9 17549.6 49971.4 12.40   60 45 21793.42 16868.61 16868.61 
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34 7251.9 17549.6 49971.4 12.40   60 45 21793.42 16868.61 16868.61 
35 7251.9 20885.4 53725.2 13.33   60 45 23982.80 18158.25 18158.25 
36 7251.9 22625.9 55582.6 13.79   60 45 25099.82 18816.22 18816.22 
37 7251.9 24221.3 57228.4 14.20   60 45 26109.55 19411.00 19411.00 
38 7251.9 24366.3 57375.4 14.23   60 45 26200.67 19464.68 19464.68 
39 7251.9 26106.8 59106.9 14.66   60 45 27286.24 20104.12 20104.12 
40 7251.9 29442.7 62262.4 15.44   60 45 29326.09 21305.69 21305.69 
41 7251.9 29442.7 62262.4 15.44   60 45 29326.09 21305.69 21305.69 
42 7251.9 32923.6 65337.7 16.21   60 45 31400.23 22527.45 22527.45 
           
 
β=60, ω=90 
(Mode III)          
No σ3 (psi) σ2 (psi) σ1 (psi) σ1/Sw   β (deg) 
ω 
(deg) 
σn (psi) τ (psi) 
Sw+μw*σn 
(psi) 
43 7251.9 7251.9 36308.6 9.01   60 90 14516.08 12581.92 12581.92 
44 7251.9 7251.9 36308.6 9.01   60 90 14516.08 12581.92 12581.92 
45 7251.9 12473.2 52293.0 12.97   60 90 22428.16 17242.50 17242.50 
46 7251.9 14068.7 57177.5 14.18   60 90 24845.90 18666.65 18666.65 
47 7251.9 17549.6 67833.9 16.83   60 90 30120.67 21773.73 21773.73 
48 7251.9 22480.8 82930.2 20.57   60 90 37593.15 26175.36 26175.36 
49 7251.9 22625.9 83374.4 20.68   60 90 37813.03 26304.87 26304.87 
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Appendix E - Visual Basic for Microsoft Excel – Solving JPW and Mogi-Coulomb equations 
 
Functions that can be called in the Microsoft Excel worksheet and will return the explained result for true-triaxial JPW 
equation 
 
Sub GoalSeek() 
' 
' GoalSeek Macro 
' 
' Keyboard Shortcut: Ctrl+d 
' 
    ActiveCell.GoalSeek Goal:=0, ChangingCell:=ActiveCell.Offset(0, -8).Range( _ 
        "A1") 
    ActiveCell.Offset(1, 0).Range("A1").Select 
End Sub 
 
Functions that can be called in the Microsoft Excel worksheet and will return the explained result for Mogi-Coulomb 
equation 
 
Sub Mogi() 
' 
' Mogi Macro 
' 
' Keyboard Shortcut: Ctrl+z 
' 
    ActiveCell.GoalSeek Goal:=0, ChangingCell:=ActiveCell.Offset(0, -5).Range( _ 
        "A1") 
End Sub
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